Abstract. In the paper, the authors introduce a new concept "extended s-convex functions", establish some new integral inequalities of Hermite-Hadamard type for this kind of functions, and apply these inequalities to derive some inequalities of special means.
Introduction
Throughout this paper, we use the following notation:
(1.1) R = (−∞, ∞), R 0 = [0, ∞), and R + = (0, ∞).
The following definitions are well known in the literature. holds for all x, y ∈ I and λ ∈ [0, 1].
Definition 1.3 ([6])
. A function f : I ⊆ R → R 0 is said to be a Godunova-Levin function if f is nonnegative and (1.4) f (λx + (1 − λ)y) ≤ f (x) λ + f (y) 1 − λ holds for all x, y ∈ I and λ ∈ (0, 1).
Definition 1.4 ([7]
). Let s ∈ (0, 1] be a real number. A function f : R 0 → R 0 is said to be s-convex (in the second sense) if (1.5) f (λx + (1 − λ)y) ≤ λ s f (x) + (1 − λ) s f (y) holds for all x, y ∈ I and λ ∈ [0, 1].
In recent decades, a lot of inequalities of Hermite-Hadamard type for various kinds of convex functions have been established. Some of them may be recited as follows. 
Some inequalities of Hermite-Hadamard type were also obtained in [1, 2, 3, 10, 11, 13, 14, 15, 16, 17, 18] and related references therein.
In this paper, we will introduce a new concept "extended s-convex functions", establish some new integral inequalities of Hermite-Hadamard type for extended s-convex functions, and apply these newly established integral inequalities to derive some inequalities of special means. These results generalize inequalities stated in Theorems 1.1 to 1.4.
Definition and lemmas
We first define the concept "extended s-convex functions" and establish an integral identity.
holds for all x, y ∈ I and λ ∈ (0, 1).
It is obvious that the extended 1-convex function, 0-convex function, and −1-convex function are just the usually convex function in Definition 1.1, the P -convex functions in Definition 1.2, and Godunova-Levin convex function in Definition 1.3, respectively. It is also clear that Definition 2.1 extends Definition 1.4.
For establishing new integral inequalities of Hermite-Hadamard type for extended s-convex functions, we need the following integral identity.
Lemma 2.1. Let f : I ⊆ R → R be differentiable on I
• and a, b ∈ I with a < b.
Proof. integrating by parts and changing variable of definite integral yield
Adding these two equations leads to Lemma 2.1.
Proof. These follow from straightforward computation of definite integrals.
Some integral inequalities of Hermite-Hadamard type
Now we are in a position to establish some new integral inequalities of Hermite-Hadamard type for differentiable extended s-convex functions.
(2) when s = −1, we have 
, by Lemma 2.1 and Hölder integral inequality, we have
Theorem 3.1 is proved.
Corollary 3.1.1. Under conditions of Theorem 3.1,
(2) if q = 1 and s = −1, we have (1) when λ = µ and −1 < s ≤ 1, we have
(2) when λ = µ, −1 < s ≤ 1, and q = 1,
(3) when λ = µ, −1 < s ≤ 1, and λ = µ = 1, we have
Remark 3.1. The inequality (1.7) is a special case of (3.5) applied to 0 < s ≤ 1. The inequality (1.9) can be deduced from (3.4) applied to λ = µ = 1 3 and 0 < s ≤ 1. These show that Theorem 3.1 and its corollaries generalize some main results obtained in [9, 12] . (1) when s = 1, we have
(2) when s = 1 and q = 1, we have
(4) when s = 1, q = 1, and λ = µ, we have
Remark 3.2. Letting λ = 1 in (3.6) yields the inequality (1.6) in [4] .
Proof. By similar arguments as in the proof of Theorem 3.1 and by the extended s-convexity of the function |f ′ (x)| q , we have
Combining this with
Corollary 3.2.1. Under conditions of Theorem 3.2, when q = 1, we have (1) when q = 1, we have
(2) when q > 1, we have
Proof. For q > 1, by the extended s-convexity of |f ′ (x)| q on [a, b], Lemma 2.1, and Hölder integral inequality, we have
In virtue of Lemma 2.2, a direct calculation yields
A straightforward computation gives
Substituting the last four equalities into the first inequality and simplifying establish the inequality (3.7). For q = 1, utilizing the extended s-convexity of |f ′ (x)| q on [a, b], Lemma 2.1, and Hölder integral inequality, we have
Theorem 3.3 is thus proved. 
(2) when λ = µ = 0, 1 and q > 1, we have
Under conditions of Theorem 3.3, (1) when q = 1 and s = 1, we have
(2) when q > 1 and s = 1, we have
(3) when q = 1, λ = µ, and s = 1, we have
(4) when q > 1, λ = µ, and s = 1, we have
(1) when q = 1, we have
Theorem 3.4 is thus proved. 
(2) when q > 1 and λ = µ, we have 
Applications to means
Finally, we apply some inequalities of Hermite-Hadamard type for extended s-convex functions to construct some inequalities for means.
For two positive numbers a > 0 and b > 0, let 
